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THEOREKKMLINVESTIGATIONOF A PROFWWIONAL-PLUS-FIJICKER

AUTOMATICPILO’@

BY ErnestC. Seaberg

SUMMARY

Theproportional-plus-flickerautomaticpilotoperatesby a non-
linearprinciplewherebya fast-actingflickerservomotorresponseis
combinedwitha low-speedproportionalservomotorresponseforthepur-
poseofobtainingsupersonicstabilityandcontrol.Essentially,the
autopilotmaintainsa zeroreferenceaboutwhichtheoutputispropor-
tionalto theinput.However,a flickerresponseoverridesthispropor-
tionalresponseat a fixedsngleof@mibaldisplacementoneithersi,deof
thezero~oscope reference.Therefore,in contrastto otherhi@-

● speedcontrolsystems,thedesignrequirements=e s~plifiedbecause
thetwocomponentsoftheproportional-flickercontrolsystemareeasy
tobuildseparatelymd theycanbe combinedina relativelysimple.- manner.

~ applicationoftheproportional-flickerprimciple,satisfactory
stabilitycanbe obtainedby theproperadjustmentofthevariablefac-
torsintheautopiLotme~ml ~Xfj theproportio~gain)the
smplitudeofflicker-controldeflection,theautopilottime-lagfactor
(thethe lagbetweenflickerandproportionaloperation),andthepoint
intherangewheretheautopilotswitchesfroma flickerto a proportional
system.Thereisa possibilitythatthesefactorscanbe adjustedso
thata morerapidresponsetime(thetimeto reachsteadystate)is
obtainedwiththenonlinearproportional-flickerautopilotthanwitha
purelylinearproportionalautopilot.

Forthemainpartofthisanalysis,theproportionalpartofthe
systemisapproximatedby a zero-phase-lagproportionalautopilotwith
theassumptionthatthecontrolsurfacemovesinstantaneouslyat the
pointwhere.thesystemswitchesfromflickertoproportional.Goodcor-
relationis shownbetweentheresultsobtainedby thismethodandresults
obtainedbyusinga closeapproximationofamactualautopilottransfer
functionforproportionalautopilotoperation.
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*
Theproportional-flickercontrolsystemappearstobe a practical

methodforobtainingpitchstabilizationofa supersonicpilotlessair-
——

craft.Therefore,trialsofthissystem,particularlyinsupersonic *
vehicles,appearwarranted. —

INTRODUCTION

As partofthegeneralresearchprogr~forinvestigatingvarious
meansofautomaticstabilization,thePilotlessAircraftResearch
DivisionoftheLangleyAeronauticalLaboratoryhasbeenconductinga

—.

theoreticalanalysisto determinethefeasibilityofusinga proportional-
plus-flickerautomaticpilotforstabilizationandcontrolofa super- ..-

soniccanardairfrsme.TheprincipleofoperationofthisautopilotiS . ___;
believed“tobemiiquebecauseitcombinesa fast-actingflickerservo
responsewitha low-speedproportionservoresponseina relatively .;

simplemanner,thatis,by overridingtheproportionalpa% ofthe =
systemata fixedangleof gimbaldisplacementfromthezerogyroscope —

referencethroughtheuseof simpleelectricalpickoffsattachedtothe .
displacementgyroscopeoutergimbal. ..” 0—

Thereasonforattemptingto developsiIauto~ilotofthistypeis
to overcometheapparentdiffi@ty inbuildinga high-speedProPortio~l M ‘-
servomtorby theconstructionofa proportional--flickerservo.Becau6e
thefast-actingflickerservoandthelow-gkin,slowproportionalservo
by themselveshavealreadybeentriedandproven,theuseofa servo-
motcmcombiningthetwocharacteristicsissuggested,thefast-acting
flickerportiontoalJeviatequic?d.yinitial.disturbancesandto secure
a largeresponse-toan inputsignal.The@in functionofthepropor-
tionalpartisto securestabilizationaroundtheneutralpointofthe -.

range.

TheanalYsis contawd here~ per- to o~ sPecificsupersonic- ,
modelconfigurationforwhichsatisfactorystabilitywasachieved.It
is veryprobable;however,thattheoptimumadjustmentsof t~ variable
factorsintheautopilotruechanismhavenotbeenrealized,andit is
believedthata morecompleteanalysisutilizingan analogcomputing
machinewouldsholitheoptimumautopilotadjustmentmoreclosely.The

—

resultsoftheanalysiscontainedhereinshowtheeffectsofthefol-
lowingconditionsonthestabilityoftheautopilot-modelcombination —
basedmainlyontheflightconditionanticipatedasa res~t ofprevious .=
flighttestsofthemodel:

1.Normalacceleration
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2.Aerodynamicout-of-trimmoment

3. Staticmargin,altitude,andMachnumbervariation

Theanalysiswascontinuedfurtherto includetheresponseto an
initialdisturbanceandtheresponseto a comandsignalusingapproxi-
matephysicalautopilottrsmsferfunctionsinthebandofproportional
autopilotoperation.

SYMBOLS

canardcontrol-surfacedeflection}trailingedgedown
denotespositivedeflection,degrees

erroranglebetweengyroscopefrsneandinstantaneous
airfrsmeattitude,degrees

()proportional-autopilotgainfactor K = ~

pitchanglemeasuredfromhorizontal,positivewhennose

a

—
isabovethehorizontalreference,degrees

firstderivativeof 8 withrespectto time,degrees
second(d6/dt)

angleofattack,positivewhennoseisup relativeto
flightpath,degrees

firstderivativeof a withrespectto time,degrees
second(da/dt)

flight-pathangle,degrees(7= 6 - a)

accelerationdueto gravity,32.2feetpersecondper
second

normalaccelerationing units

Machnumber

stabilitysxiswhichpassesthroughcenterof gravity
isperpendicularto verticalplaneof symmetry

momentof inertiaaboutY-sxis,slug-feetsquare

3

per

per

and

. .
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s

lift,pounds

mass,slugs;orpitchingmoment,footpounds

-C Pressue~pcnmdspersquarefoot

wingarea,squarefeet

meanaerodynamicchord,feet

staticmargin

velocity,feetpersecond

liftcoefficient(L/qS)

pitching-momentcoefficient(m/qSc)

~L/~b

&L/&

acJa8
ac~aa
&m/%

ac~&
valueof control-surfacedeflectionwhichcounterbalances
out-of-trimmomentJdegrees

out-of-trtimomentcausedbymodelmisalinement,foot-
pounds

out-of-trim-momentcoefficient(mt/qSc)

time,seconds

time-lagfactor,seconds

timethatthemodelattitudecrossesthepointinrange
denotedby subscript,seconds(forexample,to” signi-
fiestheinstantofthe thatthemodelattitude8
is 00)

—
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?
(1)

. C.-p.

C.g.

D

s

L-l
[1
f(s)

frequency,radianspersecond

modelcenterofpressure

modelcenterof gravity

differentialoperator(d/dt)

Laplace-transfomnvariablecorrespondingto
operator

signifiesthatinverseLaplacetransformof
istobe taken

differentid.

functionf(s)

Subscripts:

i inputorforcingfunctioncorrespondingtoa ccmmand
callingfora changeinaptitudeor to a sinusoidal
inputvariation

outputorresponsefunction,for_le, systemrespouse
toac onnnandsignalorto a sinusoidalinputvariation

AIRFRAMEANDAUTOPILOTPRINCIPLESANDDESCRIPTION

A t~icalqualitativecurveofthestaticservomotordisplace-
ment 5 plottedagainsttheerrorsignalG fora proportional-flicker

,.;

9-

autopilotsystemmightbe as follows:

(“5=/,7
flicker proportional
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Forthetheoreticalanslysis,theesttitedpitchderivativesof
thecanardconfiguration,shownasa photographandplan-viewsketchin
figure1,wereused.

TIEautopilotsystem,asdescribedinthefollowingparagraph,
constitutesonemethodof obtaininga proportional-flickerresponse,of
whichmanyvariationsarepassible.It isalsofeasiblethata com-
pletelyelectricautopilotsystemcouldbe devisedwhichwouldfunction
ontheproportional-flickerprinciple.

A schematicdiagramofthetypeofautomaticpilotinvestigatedin
thisanalysisis showninfigure2. Thissystemconsistsofa displace-
mentgyroscopeenda rate~oscope whichtransmiterrorsignalsto a
diaphragmbymeansofpneumaticAskaniapickoffs.(Thesignalistrans-
mittedby anairjetto eitheroftwoholesinthepickoffblock,which
isconnectedto theservomotordiaphragmbyrubbertubes.)Thedia-
phragmactuatestheservomotorslidevalveQ theservomotorresponse
becomesproportionaltotheinputthroughtheuseofa feedbackspring.
Thesystemthusdescribedconstitutestheproportionalpartoftheauto-
pilot,whichsecuresstabilizationaboutthezero~oscope reference
point.Theflickerportionofthesystemisobtainedbyuseofelec-
tricaloverridepickoffswhicharemountedonthedisplacement-gyroscope
frameandwhichmakecontactata presetangleof displacementwitha
pickoffattachedtotheouterglnibalofthe-displacementgyroscope.
(Theangleofdisplacementatwhichthesepickoffsaresetdetermines
theswitchingpointandthewidthofthebagdofproportionaloperation
aboutthezerogyroscopereferencepoint.)lj’heneitheroftheflicker
pickoffsmakescontact,oneoftheoverridesolenoidsiSenergizedwhich~
inturn,actuatestheservoslidevalveto causetheflickeractionof
theservomotorpiston.Thefunctionoftheleafspringsintheservo
feedbacklinkageistoalleviatethefeedbackspringanddiaphragm
forcesduringflickeroperation.Withthisarrangement,morerapid
flickeractionisassuredwithrelativelysmallsolenoids.Inoperation,
a timelagoccursattheautopilotswitchingpoint.Thislagcausesa
delaybetweenproportional.andfuckeropergtionwgentheafifr~eatti- ..
tudepassesoutoftheproportional-bandandcausesanovershootunder
flickeroperationwhentheattitudecrossesthebandfromtheother
direction.Itis possibletohavedelayandovershootperiodsofdiffer-
entmagnitudes.

—

-.

-

“

METHUDOF ANALYSIS

Theanalysiscontainedhereinconsistsofcalculatingthetransient
responsesofthemissile-autopilotcombinationforvariousmti~ con~- _
tionsandappro-ting thoseconditionswhichmightbe encounteredin P
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a
flight. Theprincipleonwhichtheproportional-flickerautopilotoper-
atesisnonlinear;however,it doeslenditse~ readilyto aualysisby

. meansoflinearapproximationsanda step-by-stepsoluticm.Thefirst
stepistheresponseto a constantcontroldeflectioncorrespondingto
flicker-servoactioncausedby an initialattitudedisturbanceoutsideof
theproportimalband. Thea.irfrmemotionandcorrespondingautopilot
responseprecedingtheinitialdisturbszmewerenotconsideredinthis
analysis. Ihtheinitialphaseofthecalculations,theautopilotoper-
ationintheproportionalbendwasapproximatedwitha perfectcon-

trol ~ = K. Calculationsbasedonthisassm.ptionarepresentedinthe

resultsas approximationsoftheact~ autopilot+nodelpitchtrsnsient
responsesto an initialdisturbance.Sincea physicalservomcrtorwill
containdynamiclag,furthercalculaticmsweremadeusingan approximate
function~ = f(D) fortheautopilotresponseintheproporticmalband.

Transientresponsesincorporatingthisapproximationarealsopresented
intheresults.

Threemethodsofanalysiswereconsideredin obtainingthepitch
transientresponsesofthesupersonicmodel-autopilotcombinationpre-.
sentedintheresults.Thesolutionfora constantcontrol-surface
deflectionappliesinthefirststepofeachmethod.Thefirstmethod

-1 canbe generalizedastheresponseto an initisldisturbance
(
5

)

–= Kin
G

proportionalband, thesecondastheresponseto an initialdisturbance

(
5

)– = f(D) in roportional.band,G

(

andthethirdastheres~nseto cm-
5mandSi~d

)
– = f(D) inproportionalhand,
E

Theforms
flightare:

/

Responseto an InitialDisturbance

(
8– = K inProportionalBandG )

oftheequationsofmotionforconstantspeed andlevel “

Iy

\
~2

57.3@c )( )-C!@D 8- C%+C&D CL=C%5

(57% De - 57%S )D+ C& CL=CL55

*
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generalsolutionof theseequationsisbrokendownintotwosteps:
5 = Constantfortheflickerportionof thesolutionand(2)5 =Ke
theproportionalpartof thesolution.Forbothstepsthemethods

ofL&place(refs.1 and2)weretiedinobtainingtheequationof e as
a functionoftime, e = f(t).

A qualitativeexampleofa typicalsolutionisasfollows:

T ..-. Z:::2P
Initialdisturb~ce

t‘\., ,

.-.
-!” // \ -.

\ / \\
\ /

80 .-~ ~._ moportional
bandwidth ‘

I

- +

i

T

+‘!
50 -- ~ --—-~- _ ---

-1 / --—-//
Time -

As is shown,theinitialdisturbanceisoutsideoftheproportional
band.Underthisconditionthecontrolsurface8 isagainstitsstop
andthesolution-for5 = constantappliesuntil 8 crossesthepro-
pOI’tiOlld band. At thispointa time-lagfactor T isintroducedto
allowforthedelaysintheoverridesolenoidandservomotor.After
thisovershootperiodthecontrolsurfaceisassumedtomoveinstantane-
ouslyto a valuewhichcorrespondsto 6 bytherelation5 = KG = -K8.
Thecontrolsurfacewouldactuallymoveas shownby thedottedline.
However,theflickerresponseisestimatedto be ata rateofatleast
700°persecond;therefore,thestepapproximationisusedbecausethe.
solutionis simplified,aswillbe shown,withoutintroducinganappre-
ciableerror.At theendofthedel~ periodT, theproportional
control-surfacemotionappliesandtheresponseiscalculatedaccording
to therelation5 = KG. Theinitialconditionsofthissecondstepare
obtainedfromtheendconditionsofthefirststep.Sincethenatureof
thesolutionrequiresthattheinitialvalueof u beknown,thetran-
sienta.= f(t) fora constant5 wasalsoderivedinorderto
determinethevalueof m attheendofthefirststep.

,-

*

m.
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Responseto an InitialDisturbance

(
5– = f(D) inProportionalBandG )

Thismethodof solutionwasderivedinorderto definemorecom-
pletelythemotionofthe 5 transientatthebeginningofthesecond
step.Thesolutionforthefirststepisidenticalwiththatofthe
firstmethd ofanalysisandthederivationforthesolutionof the
secondstepisas folJ3ws.

Therelationsbetweentheairfrsmeandautopilotparametersgov-
erningthesolutionofthesecondstepcanbe drawninblockdiagrsm
formas

e~

function function

●

)

.
wherethetrasferfunctionsarefunctionsofthedifferentialoperator.

UsingthemethodsofLaplace(refs.1.aud2),theequationsofmotion
aretransformedtotheform

fl(s)eo(s)+fa(s)~(s)= C&(s) + f@ (1)

fk(s)eo(s)+f~(s)a(s)=CL&(4 + f6(s) (2)

where fs(s) and f6(s) containtheinitial-conditionterms.

Expandingequations(1)and(2)andsolvingfor 8.(s)yields

fT(s)~(s)+fa(s)
co(s)= f9(s)

.

Itremainsto define5(s).By transformingtherelationandusing
@i=O

5 = f(D)G= -f(D)60

(3)

%.

)

F.



10

am equationoftheform
.

5(s)= floe + fll(s)

is obtainedwhere-fll(s)containstheinitial-conditionterms
involving5 and i30.

Combiningequations(3)and(4)andsolvingfor @o(s)yields

f~(s)

‘O(s)= ~

(4)

(5)

where f12(s)containstherequiredinitislvaluesof f3,a, and 5
andtheirderivatives.Theinversetransfo~ofequation(~)isthe
transientsolutionforthesecondstep

[1e(t) =L-lco(s)

.

—

—

.

By combiningequations(3)and(4)andsolvingfor 5(s),an
equationdefining5 as a functionof s canbe obtained,theinverse
transformofwhichisthesecond-stepsolutionforthe 5 transient —
response.

Responseto a Command Signel

(5 )- = f(D) inProportionalBandE

Inanautomaticallystabilizedmissile,a comnd signalcanbe
obtainedby changingthegyroscopereferencepoint.ThiscommandSi@ld
may be generated,-forexample,by theradarunitofa targetseeker,by
an outsidesourceina guidedmissile,orby an altitudecontrol.When
thecommandsignalislargerthantheproportionalband,theflicker
portionoftheautopilotunderconsiderationwillfunction,yieldinga
constantcontrol-surfacedeflection,andthemotionwillbe initiated
towardthedesirednewattitudeornewneutralpointintherange.@

—

-—
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.
exsmpleofthe
analysismight

e. Variat ion
be asfollows:

11

withtimeforthisthirdmethodof

. I Newneutralpoint
/1

FirstStep
——— —— Secondstep~

+

e.
.

.

/ I

New
proportional

--—- bmd

1
T

Original
0 proportional

+

band

I TI
+ II \

\
I \ --. =

—~ \
80

~-
----

-1 Time

As is shown,the Go transientresponseisassumedto startfromlevel
flightandthenewneutralpointisoutsideoftheoriginalproportional
band. Initiallytheeqpationsofmotionaretreatedinthesamemanner
as inthefirststepofthefirstandsecondmethodexceptthatthe
initialvalueof 60 iszero. Thetransientresponse00 to a
constant5 apq?liesuntil e. crossesthenewpropotiionalband. At
thispointthetime-lagfactorT isagainintroducedto complete
thefirststep.

Themethodofthederivationforthesolutionofthesecondstep
foundhereinis carriedthroughingenerslformin references1, 3,
and4. As mentionedpreviously,theautopilotfrequencyresponseis
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approximatedby a transferfunctionoftheform ~
errorangle G istheanglebetweenthegyroscupe
instantaneousairframeattitude.Thesecondstep,

= f(D),wherethe
referenceandthe
shownasthedotted

portionofthe .90transientresponse,istheresponseto a step .9i
where @i istheanglebetweenthenewneutralpointandthevalueof
attheendofthefirststep,a newzeroreferencebeingtakenfor El.
atthispoint,Theequationsofmotion”arehandledinthesamemanner
as forthesecondstepofthesecondmethodofanalysisexceptthat
therelationgoverningthedefinitionof 5(s) is

5 = f(D)~= f(D)(ei- ’90)

therefore,equation(4)becomes

andthesolutionfor

8(s)=
rflo(s)ei(s)- eo(,s~+ f~(s)

Theinversetransform
stepofthetremient

L .-J

6.(s) takes theform

flQ(s)ei(s)+flz(s)
6.(s)s fls(s) (6)

of equation(6)gives-thesolutionofthesecond
responseto a camnandSi@o

Thethreeaforementionedmethods
theorieswhichwerederivedto obtain
responsespresentedinthisanalysis.
theorieswillbe describedinfurther

ofamalysisdescribethegeneral
thesolutionsforthetransient
Anydeviationfromthesegeneral.
detailintheresults.

RESULTSANDDISCUSSION

Responsetoan InitialDisturbance

(
5

)
– = K forSecondStepG

Determinationof thetime-lagfactorT.-Thetime-lagfactorfor
theautopilotpreviouslydescribedisdefinedasthetimethatittakes
forflicker-servoactionaftertheflicker-actuatingsolenoidhasbeen
energizedordeenergized.In orderto obtainana~roximatevalueof
thisfactorforuseinthecalculations,a servomotorwasconstructed
whichoperatedontheproportional-flickerprincipleandwhichwouldbe
suitableforactuatingthecsnardcontrolsurfacesofa modelofthe
typeshownas a photographandsketchinfigure1. Theresultsof’an

.

--.

eo

—

—

_.

—
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.

experimentaltestofthisservomotorarepresentedinfigure3. As is
shown,an averageT of0.03secondwasobtained.Itisnotbelieved
thatmorerapidflickeractuationcanbe obtainedwiththistypeof
systemdueto thelimitationsonthesizeof solenoids;however,it
wouldnotbe difficultto increasethetime-lagfactorifnecessaryfor
stability.

Determinationoftheproportionalgainandsmplitudeofflicker-
controldeflection.-Forthesecalculationsthecoefficientsandmodel
longitudinalpitchderivativeswereestimatedonthebasisof sea-level
flightat a Machnumberof1.8withthestaticmarginequalto 0.86cor
approximately14 inches.Thegeometriccharacteristicsandestimated
derivativesusedaregivenintableI.

A detaileddescriptionofthestepsrequiredfora solutionsuch
as showninfigurek isas follows:Thefirststepistheresponseto
a constant5. Thesecondstepwhichstsrtsat sometimeafterthe
modelattitudepassestheproportionalboundaryisgovernedby the
approximaterelation5 = -KG forthemajorpartofthisanalysis.
Thissimplifiesthecalculationsandstillgivesa goodapproximation

. oftheactuale response.Thevaluesoftheinitial-conditionterms
necesssryforthesecond-stepsolutionoftheequationsofmotionare
obtainedfromtheirvaluesat theendofthefirststep. Ifthe @
responsestaysinsidetheproportionalbandandthemotiondiesout,
thesolutionis completeintwosteps.However,ifthemodelattitude
againreachestheproportionalband,theflicker-actuatingsolenoidwill
be energized,makingmorestepsnecessary.Forthethirdstepthe b
responseisassumedtoholda constantvaluewhichisdeterminedfrom
therelation5 = -Ke where G istheproportional-bandlimit.The
initial-conditiontermsareagainfoundfromtheirvsluesattheendof
thepreviousstep.Thetime-lagfactordeterminesthedurationofthe
thirdstep.Whenthisperiodoftimehaselapsedthefourthstepis
initiatedforwhichtheconstantflicker5 appliesas inthefirst
step.Thisstep-by-stepsolutionis continueduntiltheresponseof
themodel-autopilotccmibinationisdetermined.

Thefirstcalculatedtransientresponses,presentedinfi re 4,
werebasedona flicker5 of+10°, wa proportionalbandof*5 which
isdesignatedinthisandsubsequentfiguresby thelong-dashedlines,
anda time-lagfactorof0.03second.Theinitialpitchdisturbancefor
thecurvespresentedinthisfigurewas9° andthev~ue of K was-1
forfiguresu(a)andu(b),whileinfigures4(c)andk(d) K = -0.3,
where K isequalto thecontrol-surfacegainratio 8[E. Figureu(a)
showstheresponsewhenthefirststependsat0.03secondafterthe
model$titude e passestheproportionalboundary(+50),designated
by t

?
+ 0.03 secondonthefigure.Figureh(b)showstheresponse

* when he firststependsat 0.03secondafterthemodelattitudepasses
throughtheneutralpoint(0°)or too+ 0.03second.Thiswould--

A
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necessitatea moreintricateflicker-actuatingpickoffandrelaysystem
.

thanthatshowninfigure2;however,itsdevelopmentwouldnotpropose
a majorproblem.As canbe seeninbothfiguresh(a)andk(b),the
responseisunstableas isindicatedby thedivergenttransient

.

oscillations.Curvesforthesameconditionsareshowninfigures4(c)
andL(d)exceptthat K = -0.3 intheproportionalband. As canbe
seen,decreasingthegainintheproportionalbanddoesnotincrease

—

thestabilitybutactuallyhastheeffectof”makingthemodel-autopilot‘–
combinationmoreunstable.

Sinceitisapparentthata flickercontrol-surfacegainof*10°is
toohighforstabilityat M =. 1.8, calculationsfora lowerflicker
gain,namely*5°,weremade. Curvesbasedona flicker5 of*5°and
onthesanederivativesusedforfigure4 arepresentedinfigure5.
Thecurvesoffigure5(a)showthat,foran initisAdisturbanceof
e = 9°,proportionalbandoff5°,andfor K = -0.3,t% transient
responseisundesirablewhenthefirststep--endsatt5 + 0.03second,
butwhentheswitchingpointisextendedto to”+ 0.03secondthetran-
sientresponseisstable.Thesecondaryoscillationwhichappears
duringthesecondstepisinducedby theinstantaneousmovementofthe
controlsurface8. Figure~(b)showsthat,fora largerK (nsmely,

.

for K = -l),theproportionalbandcanbe smaller(*3°)andtheresponse .

willstillbe stableanddampoutintwosteps.Fora smallerinitial
.-

disturbance,however,thestabilityismorecritical,as is shownby
thecurvewhichhasen initialdisturbanceof 5,5°. Forthisreason

r

thecurveshowninfigure5(c)wascalculatedforan initialdisturbance .
whichis~ustoutsideoftheproportional~d, na@y, an initialdis-
turbanceof3.5°fora proportionalbandof.k3°.AS is shown,thecs& ‘:.
culatedtransientresponseisdivergent;however,by increasingthe
time-lagfactorT to 0,1secondas infigure5(d)thetransientis
madeto stayinsidetheproportionalbandinthesecondstep.

.
Actually,

theautopilotinthisinstancecouldhavetwovaluesof T, 0.03second
whentheattitudepassesoutoftheproportionalbsmdand0.1second
whentheattitudecrosses.OO.

Sinceitappearsthata stabletransientresponsecanbe obtained
by theproperadjustmentof thevariablefactorsintheautopilotmech-
anism,itwasdecidedto increasetheflickercontrol-surfacegain
to~~ inorderto obtaintheadvantageofa morerapidresponsetime

.

thanthatobtainedwitha gainoft~”. For-thisreasontheanalysisof .-

thecalculatedtransientresponseswhichfollowswillbebasedona
flicker5 of&7°anda proportionalbandof*4°. Thefirstresponses
fortheseconditions,showninfigure6,werecalculatedusing K = -1
inthesecondstepwiththefirststependingat sometimeafterthe

.—

modelattitudehaspassedthroughthezero.woscopereference.Inthis - :
instance,theautopilotwillfunctionasa proportionalsystemas long .

astheinitialdisturbsmceiswithinthe*k”boundary.Intheeventthat P-
..

-1
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themodelattitude
controlsurfaceof
actuatingsolenoid

passeseithersideoftheselimits,theflicker
*7°wilJapply,whicheveris corrective.Theflicker-
willbe deenergizedandproportionalcontrolwill

againapplysomethe afterthemodelattitudepassesthroughthezero
~oscope reference.Proportional-flickertransientresponsesto a 9°
initialG disturbancewerecalculatedwiththeftrststependingat
too+ 0.03secondandatto”+ 0.1second,as showninfigure6. In
thisparticularinstance,thelargertimelagyieldsa trmsient
responsewhichiscloserto thezero e reference.Theuppercurveon
figure6 showstheresponseof a zero-phase-lagproportionautopilot

(
5

)– = K fortheentirecurve.e Thiscurveservesto illustratethedif-

ferencebetweentheresponseobtainedfroma linearautopilotandthe
responsesobtainedwiththeproportional-flickerautopilot.Forthe
particularvalue ofautopilotgainusedin calculatingtheresponse
obtainedwiththezero-phase-lagproportionalautopilot,the
proportional-flickerresponses,althoughmoreoscillatory,aremore
rapidthanthepureproportionalautopilotresponse.Thevalueof K
usedforthezero-phase-lagproportionalautopilotresponsewas-0.6.
Thechoiceofthisautopilotconstantwasbasedonthemethodsuggested

. inreference4. Thismethodis illustratedinfigure7 wherethe
Nyquistdiagramwitha K of .0.69is showntobe tangentto,andnot
greaterthan,thelocusofpointsrequiredtomakethepeaksmplitude

. ratioofthemodel-autopilotconibmtionhavea valueof 1.3.

-w

Accelerationeffects.-Normalaccelerationsad 13,a, and y
transientresponsesforthemodel-proportional-flicker-autopilotcom-
binationarepresentedinfigure8: The e transientisthecurvewith
thefirststependingatto”+ 0.1second,as shown~reviouslyinfig-
ure6. As is shown,thetrim u isabout-2.5°andthesteady-state
normalaccelerationisapproximately-llgforthefirststep,witha
peakaccelerationovershcmtofabout-18.8g.

An indicationofthemodelaerodynamicloadstobe e~cted under
flicker-autopilotoperationcanbe obtainedfromthesteady-statevaria-
tionof n/5 withstaticmarginfora constantb input,as shownin
figure9 forsea-levelflight.Thiscurveisbasedonthevariationof
themodellongitudinalderivativeswithcenter-of-gravitylocation
at M = 1.8. Figure9 showsonlythesteady-stateacceleration;however,
thepeakaccelerationisthedesignfactor,thereforeacceleration
curvessuchastheoneshownh figure8 arenecessaryto estimatethe
amountofaccelerationovershoot.Themethodemployedinderivingthe
relationonwhichtheplotof n/b againststaticmarginisbasedis
giveninappendixA.

Theeffectof out-of-trimmcment.-
momentisassumedtobe thatwhichwill
outoftrim at or._.-

I-’

Thevalueoftheout-of-trim
givea certainvalueof B

.
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mt = C~5tqSc

Theout-of-trim-momentcoefficient()Cmt

Cmt= C~5t

isthereforedefinedas

Thiscoefficienthastheeffectofaddinganothertermto themoment
equationas follows:

( Iy ~2
)(

-C@9- )C%+ GU#G=G@+C%57*3@c

Thesolutionofthisequation,combinedwiththeliftequation,
foreachstepoftheproportional-flickertransientresponsesshowsthe
effectof introducinganassumedvalueofanout-of-trimmoment.

Transient-responses,includingtheeffectofan out-of-trimmoment,
areshowninfigures10and11. Thesefiguresarebasedou sea-level
flightat M = 1.8 andwith SM= 0.86c,andtheinitial9 disturb-
ancewas4.5°with K equalto -1forthesecondstep. Itis shownin
figure10(a)that,withouttheout-of-trimeffect,themodel-autopilot
trdnsientresponseismadeto dampoutinthesecondstepwhenthettie-
lsg factorisincreasedto O.l.second,”thatis,whenthefirststepends “-
at0.1secondafterthemodelattitudehaspassedthroughtheneutral
point(OO).Therefore,t~eremainingcurvesshowninfigures10and11
arebasedonthevalueto + 0.1secondforthelengthofthefirst
step.Figure10(b)showstheresponses,whenout-of-trim-momentcoeffi-
cientsof -0.012and+0.012areused. Thesevaluesof Cmt causethe -
6 transientstotrimabout-0.57°and+0.57°,respectively.However,
thestabilityisnotaffectedtoanygreatextentsincetheresponseis
dampedtowithinapproximately1° ofthetrimvaluein0.6secondin
eachcase.Moreseverevaluesof Cmt,namely,+0.058~d -0.058~were
usedinfigure11. Thesegivetrim e valuesof +2.87°and-2.87°,
respective~y,whichareonly1.13°fromtheproportionalboundary
lwts (+4 ). However,althoughtheres~nsestakelongerto dampto
thenewtrimvslues,theyarestillstable-tidstayinsidethepropor-
tionalbandinthesecondste~.Forcomparison,calculatedtransient
responsesincludinganout-of-trimmomentandbasedona zero-phase-lag
proportionalautopilotwith K = -0.6 arealsoshowninfigure11. For
thesecurvesa Ctitof ~.035wasusedbecause,forcomparison,it is
desirablethatthetrim G (it2.87°)be thessmeas fortheproportional-
flickerresponses.Infiguren(a) itisshownthat,sincethe
proportional-flickerresponsemustfirstp8ssthrough0°andthen
oscil~at~backto thetrimvalue,theresponseisnotmuchfasterthan ._”
thepureproportional-autopilotresponse.However,infiguren(b)
wheretheout-of-trimmomentisnegative,theproportional-flickerauto-
pilothasthemorerapidresponsetime.
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A

Theresponseto en initialdisturbanceincludinginitialvalues
Of b and cL.- An initialpitchingvelocity(~) of 50 de~eesper
secondandanangleofattack(a) of0.5°wereusedfortheresults
presentedinfigureW. Thesearerepresentativeofthevslueswhich
mightbe encounteredalongtheflightrangeofthetygeofmodelbeing
usedinthisanalysis.Infigure12(a)theinitial19wasw degrees
persecondwithzeroini~islangleofattack,whileinfigure12(b)
initialvaluesofboth e and a wereusedandW? variationof normsl
accelerationand a withtimearealsoshown.Thestabilityoflongi-
tudinaltransientresponsesisnotaffectedgreatlyby includingthe
effectoftheseinitialconditions.

TheeffectofMachnumberchange.-In orderto determinethesta-
bilitycharacteristicsofthemodel-proportional-flicker-autopilotcom-
binationfora differentMachnumber,thederivativesfor M = 1.4
wereestimatedas givenintableI forthesamecenter-of-gravityloca-
tionresultingina staticmarginof0.9c.Resultsbasedonthese
derivativesarepresentedinfigure13as e snd CL transientresponses
to9° and4.5°initialpitchdisturbances.The e transientsarecom-
parable,exceptforMachnuuiber,tothecurveswiththefirststep

* endingatto”+ 0.1secondshownpreviouslyinfigures6 and10(a)and,
althoughtheresponsetimeisa littleslower,theresultsoffigure13
showstability.

Theeffectof static-marginreduction.-Theconsttitsandaero-
dyusmicderivativesusedforthecurvepresentedinfigure14werebased
on sea-levelflightat M = 1.8 and SM = 0.3c andaregivenin
tableI. Thisamountsto a decreasein staticmarginfromapproximately
14 inchesto 5 inches.As is shown,m undesirableresultisobtained
becausethe e trsnsientresponsedoesnotdieoutinthesecondstep.
Instead,theresponsedivergesuntilwhatappearstobe a pureflicker
responseisobtained.Therefore,ina systemofthist=, theproblem
ofobtaininga morerapidresponsethe isnotsolvedby simply
decreasingthe.staticmargin.

Theeffectofaltitudevariation.-Exceptforaltitude,the
proportional-flickerresponsewiththefirststependingat to”+ 0.1
second,showninfigure6, is comparableto thecurvespresentedin
figure15wherethepitchtransientresponsesto a 9° initialEJ dis-
turbancearebasedonflightat 10,000snd25,000feet. As is shown,
flightat altitudeproducesa slowerresponsetimebutdoesnotappre-
ciablyaffectthestabilityofthemodel-autopilotcombinationbecause}
inbothcasespresentedinfigure15,itis indicatedthatthe
transientresponsewilldieoutinthesecondstep.

.-

f-



18 NACATN 3427

Responsetoan InitialDisturbance ..—-

(
5- = f(D) inProportionalBandE )

.

Determinationoftheapproximateautopilotfunctions.-Themethod
employedto determinemathematicaltransferfunctionswhichapproximate
th~autopilotamplitudesadphaseresponseWFLSasfollows:First,the
experimentalautopilotamplitudeandphaseresponseswereobtainedfrom
oscillating-tabletestsofactualautopilots.Twoautopilotswereused
inthisanalysis.Thefirstconsistedoftheservomotorusedpreviously
to obtaintheexperimental.resultspresentedinfigure3,sndthe
oscillating-tableerroranglewasmeasuredby a GermanV-1displacement
andrategyroscoy”whichgeneratesthefnput.totheser~omotorby the
useofpneumaticAskaniapickoffs.Theauto~ilotsmplitudeandphase

—.

testpoints,thusobtained,werethenplOtt@ on stilot3 Paperus- a_
=

decibelscalefortheamplituderesponse.T&ansparenttemplatesbased
onplotsofknownquadraticandlinearfunctionsonthissamesemilog
paperwerethenuseduntilthecombinationoftemplateswhichmost

.—.—
closelymatchedtheautopilottestpointswasdetermined.Themethod
usedtomakethelogmagnitudeandphaseteiuplatesandexplanationsof

—

theirapplicationsarefoundinchapter8 o$,reference1.
:-.-

Theapproximateautopilottransferfunctionobtainedby theafore-
mentionedmethodis ?“

5_ 225(D+27.2)
‘-#+141D+ 7744

Thisfunctionwillthengoverntheproportionalpertoftheproportional-
flickertransientresponses.A comparisonofthisapproximatefunction
withtheautopilottestpointsbasedontheamplitudeandphaseresponse
oftheproportional-flickerservomotorobtainedfromoscillating-table
testsofa V-1displacementandrategyroscopeispresentedinfigure16.
Thea~eementbetweentheapproxtitefunctionandtheexper~ntal , ._. .

—

resultscanbe seeninfigure16(a),wheretheapproximateautopilot
transferfunctionandtheautopilottestpoigtsforoscillating-table —

amplitudesofti.13°,*3.03°,and*4.85°areplottedohlinearcoordi-
nates.Theexperimentalrqsultsvarywithoscillationamplitudedueto -
theno~inearitiesoftheautopilotmechsaism.However,theagreement
betweenthemathematicalfunctionandtheexperimentalresultsis sat-
isfactoryexceptforthelw-amplitudeosci~ations(Q.13°)~wherethe
amplituderesponsepeaksmoresharply.

A furthercomparisonbetweentheapproximateautoyilottransfer
functionandtheactualautopilottestpointsismadeinfigure16(b)
intheformofNyquistdiagrams,wherethemathematicalfunctionand
thetestpointsareconibinedwiththemodeltrsmsferfunctionto obtain

r
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. thelociofthepolarplots.Themodeltransferfunctionisbasedon
sea-levelflightat M = 1.8 andwith W = 0.86c.Satisfactoryagree-
mentisagainshownbetweentheapproximateautopilottransferfunction
andtheexpertientalresultsexceptfortheNyquistplotbasedonthe
+1.13°test points.

Thesecondapproximateautopilotmathematicaltransferfunctionwas
basedonthesmplitudeandphaseresponseofa
placementgyroscopeonlyto generatetheinput
functionis

R=~
~ I? +156D +3600

sermmotorusing a dis-
Signal.Thisapproximate

sndit is comparedwiththeautopilotconsistingofa displacement
gyroscopeplusservomotorinfigure17. Autopilottestpo~ts sre
plottedforoscillating-tableamplitudesof*4.2°and*2.15, sndsatis-
factoryagreementwiththeplotoftheapproximatemathematicalfunction
iS shown.

Autopilotcontainingdisplacement-plus-rategyroscopes.- As shown.
previouslyinthemethod-of-analysissection,thefunction5(s) and
theinitialvaluesofthe 8 derivativesareincludedinthederivation
ofthe O.(s)functioninthesecondmethodofanalysis.Althoughthe.
manualsolutionforthe 8 and 5 transientresponsesismuchmore
involvedwhenusingthistypeofderivation,it isofvaluebecauseit
yieldsa morecompletedefinitionofthecontrol-surfacemotion.

Figure18 showsthepitchtransientresponsesto differentinitial
6 disturbmcesbasedonthelongitudinalderivativesgivenintableI
forsea-levelflightat M = 1.8 andwith SM = O.~C. me flicker
gainis &7°andtheproportionalbandis*4°. h figure18(a),the
initialEJdisturbanceis10°andthefirststependsat 0.03second
afterthemodelattitudehaspassedthroughtheneutralpoint(OO).In
thisfigurethecalculatedb responseisalsoshown.Infigure18(b)
theinitiale disturbanceis4.5°withcurvesshownforthefirststep
endingatto”+ 0.03secondandto”+ 0.1second.The 8 responseis
plottedforthecasewherethefirststependsat to”+ 0.03second.
AS iS shown,thesmallerttie-lagfactor(o.03second)iS~re critic~~
withthesecondoscillationofthe e transientactuallycrossingthe
proportionalband. Thiswouldordinarilynecessitatehandlingthe
solutionwithmorethantwosteps.Howevsr,itwouldbe necessaryto
knowtheinitialvalueof u forthethirdst:pand,sincethecharac-
teristicequationforthe a trasient*en ~ = f(D) iS‘tenthorderj
a manualsolutionwasnotattempted.Itismoredesirableto obtaina
lessoscillatorytrsnsientresponsewhichdampsoutintwostepsby
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increasingthetime-lagfactor,as is shownforthecurve
T = 0.1second.Tigure18(c)showsthe 0-response-toa
disturbance,wherefora T of0.03secondthemotionis
steps.

NACATN3427

where .
l~”initial
dampedintwo .

Theagreementbetweentheresultsshownforthesecondmethodof
analysisusingtheautopilotcontainingdisplacement-plus-rategyro-
scopesandtheresultsshownforthefirstmethodofanalysisisgood.
Thesecondary oscillationwhichappearedinthesecondstepofthefirst
methodof analysis,forexample,isalsopresentwhenusingthissecond
methodofanalysis,resultingintransientresponses,thegeneral
shapesofwhicharecomparable.On thisbasisthevalidityofusing

5themuchsimplerrelation~ = K forthemajorpartofthisanalysis
seemstobe Justified.

Autopilotcontainingdisplacement~oscope only.-Thesecondstep
ofthepitchtransientresponsesto 10°and4.5°bitial 8 disturb- —

antespresentedinfigure19 isbasedonthetransferfunction — -.

5 2880 .-=
E *-D2 + 156D+ 3600

Theseresultsshowthatstabilitycanbe obtainedwitha proportional-
flickerautopilotmadeup ofa aervomotoranddisplacementgyroscope

.-—

only. However,a comparisonof figures18and19 showsthattheauto-
pilotwithoutrate
proportionalband.

yieldsa more

Responseto

(
5-= f(D) inc

oscillatoryresponseinthe —J.-

a CommandSignal

)prOpOfiiOtiBand

Theresponseto a commandsignal.-Pitchtransientresponsesto
4.’3°and100Cammand signalsareshowninfigure20. Theseresponses
arebasedon sea-levelflightat M = 1,8 andwitha staticmargin
of0.86C.Theinit;aldisturbanceineachcaseislargerthanthe —

proportionalband;therefore,the-flicker-controlsettingof+7 applies
forthefirststepofthesolution,whichendsat0.1secondafterthe
transientcrossesthedesirednewattitude.Inthesecondstepthe
approximatetrsmsferfunction

8 ,,225(,D+ 27.2)—=
G # + 141D+ 7744 .-

--l
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.
applies.Infigure20(a)thedesiredchangeinattitudeis4.5°or,as
explainedinthemethod-of-analysissection,thetransientrespense
shownistheresponseto a 4.5°command SiQld. In figure20(b),the
conmandsignalcallsfora 10°changeinattitude.Theseresultsshow
thatstableresponsesto conmandsignalscanbe obtainedwiththe
proportional-flickerautopilotandtheresponsesappeartobe similar,
exceptfordirection,totheresultsfor4.5°and10°initial.disturb-
ancesshowninfigure18. A comparisonbetweentheproportional-flicker
andthezero-phase-lagproportionalresponseismadeforbothcurves
showninfigure20
hasthemorerapid

..

andineachcasetheproportional-flickerautopilot
responsetime.

CONCLUSIONS

Theproportional-flickerautomaticpilotoperatesona nonlinear
principle,wherebya high-speedflickerservomotorresponseis combined
witha low-speedproportionalservomotorresponseforthepurposeof
obtainingstabilityandcontrolinsupersonicflight.Physcially,the
autopilotmotionoperatesabouta zeroreferencewithintwobands.In

. theinnerband,theautopilotoutputisproportionalto theinputanda
flickerresponseoverridestheproportionalresponseat a fixedangleof
gimbaldisplacementoneithersideofthezerogyroscopereference.The. conclusionsarrivedatasa resultoftheanalysisconductedherein,
basedona specificsupersonicmodelconfiguration,areasfollows:

1. Satisfactorystabilitycanbe obtainedby theproperadjustment
ofthevariablefactorsintheautopilotmechanism,namely,thepropor-
tionalservogain,theamplitudeofflickercontroldeflection,the
autopilottime-lagfactor,andthepointinther-e wheretheautopilot
switchesfroma flickertoa proportionalsystem.

—

2.A reasonableaerodynamicout-of-trimmomentofthemodelwillnot
affectthestabilizationqualitiesoftheproportional-flickerautopilot
to anygreatextent.Decreasingthestaticmerginappearstohavemore

—.

ofan effectonthestabilityoftheproportional-flicker-autopilot-model
conibination.Forthesaneautopilotcharacteristics,a decreaseinstatic
marginfrom0.86to 0.3meanaerodynamicchordyieldsa transient
responsewhichdoesnotdieoutbutwhichdivergesuntilwhatappears
tobe a pureflickerresponseisobtained.

3. Goodagreementis shownbetweentheresponseto an initialdis-
turbanceusinga mathematicaltransferfunctionto approximatetheauto-
pilotandthemethodofassumingthattheautopilothasa purepro~r-
tionalresponseintheproportionalbandwfthinstantaneousmovementof
thecontrolsurfaceattheswitchingpoint.

%
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4.Theproportional-flickercontrolsystemcanbe fabricatedand
appearstobe a pr.uticalmethodforobtaitingpitchstabilizationof
a supersonicpilotlessaircraft.Therefore,trialsofthissystem,
particularlyinsupersonicvehicles,appearwarranted.

LangleyAeronauticalLaboratory,
NationalAdvisoryCcmmitteeforAeronautics,

LangleyField,Vs.,September15,_1950.

.
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DETERMIMTION

AI?PENDIX A

OF THERELATIONWHICHEW?RESSESr@
AS A FUNCTIONOF STATICMARGIN

Therelation

‘~q. @Q2Q+&!’Ju4Q
c c (1)

expressescm asafunctionof staticmargin.

Fromtheliftequation,thesteady-stateWue oftheno~l
accelerationin g canbe derivedfora constsntcontrol-surface
deflectionas

—

% Bywherethesteadystatea/b hasbeenassumedtobe equalto -c-&.

incorporatingtherelation

thefollowingrelationisobtained,wherethevariationofthesteady-
staten/6 isexpressedas a functionof sMandc~

(2)

For”aparticularvalueof SM, C% canbe evaluatedfromequa-
tion(1). Then,by usingthesetwovaluesinequation(2), n/b is
determined.

.

P-.
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.

SymbolsnotPreviouslyDefined

CL~ rateof–-changeof cansrdliftcoefficientwithcanard
c deflection,&L/&ic

x distancefromcenterofpressure@f canardcontrolsurfaces
to centerofpressureofmodel,inches

Y distancefranthecenterofpressureofmainwingto center
ofpressureofmodel,inches

—

.
—

de/db rateof changeofdownwashangleatwingdueto deflectionof
canardcontrolsurfaces —-

SM staticmargin,negativewhenc.p..isbehindthee.g.

.

.
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ESTIMATEDLONGITUDINALDERIVATIVES
.

[
Allderivativesindegreemeasure;Iy= 37.66SIU-ft2;

m= 4.922slugs;
f

c = 1.395ft; s = 2.52fta.

Static Mach c~ % % c% CQ c~
marginnumber

0.86C 1.8 -0.000138-0.032 0.204 -0.0000116-0.0000510.0607

●9C 1.4 -.000187 -.0621 .023 -.0000205-.00105 .0692

●3C 1.8 -.0000784-.0181 .0182 -.0000051-,000051 .0607 -
4

.

VARIATIONOFFLIGHTCONDITIONS

Altitude Mach
(ft) number (lb~t2) (ft~sec)

sealevel 1.8 4270 1963

sealevel 1.4 2902 1562

10,000 1.8 3294 1937

25,000 1.8 1790 1835

—
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Figure2.-Schematicdiagramofa proportional-flickerautopilotsystem.
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(a)Amplitudeandphaseresponseoftheapproximateautopilotfunction
andoftheactualautopilottestpoints.

Figure16.-Comparisonofthefunctionwhichapproximatestheproportional
partoftheproportional-flickerautopilotwiththeautopilottest
pointsbasedontheamplitudeandphaseresponseofa proportianal-
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(b)Nyquistdiagramsforapproximateautopilotfunction-modelccnibination
andforlongitudinalpitchoscillationamplitudesof~1.13°,i3.03°,
andf4.85°basedon sea-levelflightat M = 1.8 and SM = 0.86c.

Figure16.- Concluded.
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